The so-called Stokes operator is an important tool in the analysis of the solutions of the Navier-Stokes equations and their numerical approximation. The aim of this note is to clarify certain properties of the fractional powers of this operator which are sometimes misused.
Introduction
The so-called Stokes operator is frequently used in the analysis of the solutions to the Navier-Stokes equations and their numerical approximation. The aim of this note is to clarify certain properties of this operator which are sometimes misused.
Let Ω be an open bounded connected subset of R d with boundary ∂Ω. Let n be the unit outer normal to ∂Ω and consider
The Stokes operator is defined to be A := −P H Δ, where Δ : H 2 (Ω) ∩ H 1 0 (Ω) → L 2 (Ω) denotes the Laplace operator with homogeneous Dirichlet boundary conditions, and P H is the L 2 -projection onto H.
The operator A is positive, self-adjoint, invertible, and its inverse is compact. It is then legitimate to consider A s for all s ∈ R and it turns out that the quantity (u, A s u) 1/2 is a norm, where (·, ·) denotes the L 2 -scalar product. The question we want to address in this note is to determine whether this norm is equivalent to the Sobolev H s -norm. In other words, given s ∈ R we ask for the existence of constants c 1 , c 2 > 0 such that
( 1.4) The Stokes operator is often used in numerical analysis. It is in particular useful to invoke this operator in the error analysis of the so-called fractional-time stepping techniques for the approximation of the incompressible time-dependent Navier-Stokes equations. This, however, can sometimes lead to erroneous statements. In this respect we want to refer to the recent work [2] where the inequality (1.3) is used with s = −1. We are not arguing in this note that the results in [2] are wrong; actually, we are confident that the convergence estimates in [2] will eventually turn out to be true, but the proofs therein are not correct. They can probably be fixed by proceeding as in the corrigendum [14] where earlier statements made on the basis of (1.3) with s = −1 (cf. (2.1) in [12] and (2.7) in [13]) were corrected by using alternative arguments.
Our goal in the present note is simply to draw the attention of the community on the fact that (1.3) is false for all s ≤ − 1 2 and therefore should not be invoked. Given enough smoothness of the boundary of the domain, the upper bound (1.4) is true for all s ∈ R. On the contrary, the lower bound (1.3) is false whenever s ≤ − 1 2 . A counter-example for s = −1 was given in [7] . That the paper [7] was written in French probably did not help this result to be publicized.
The rest of this note is organized as follows. In Sect. 2 we define the Stokes operator and state some of its properties. For the sake of completeness we re-prove that the lower bound (1.3) is true for all s ∈ (− 1 2 , 2] and the upper bound (1.4) is true for all s ∈ [−2, 2]. Finally, in Sect. 3 we generalize the counterexample from [7] by showing that the inequality (1.3) is false for s ≤ − 1 2 and thus should not be invoked.
The Stokes operator
In the sequel, given two Hilbert spaces X and Y , we denote [X, Y ] s , s ∈ (0, 1), the real interpolation between X and Y , i.e., we use the so-called K-method of Lions and Peetre [11] , see also [10] or [1, Appendix A]. We start with a standard interpolation result:
